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We propose a Haldane-BCS-Hubbard model on a honeycomb lattice, which is composed of two
copies of the Haldane model of the quantum anomalous Hall effect, an equal-spin pairing term and
an onsite Hubbard interaction term. For any interaction strength, this model is exactly solvable
along the symmetric line where the hopping and pairing amplitudes are equal to each other. The
ground state of the Haldane-BCS-Hubbard model is a topological superconducting state at weak
interaction with two chiral Majorana edge states. A strong interaction drives the system across a
topological quantum phase transition to a topologically trivial superconductor. A Z2 symmetry of
the Hamiltonian, which is a composition of the bond-centered inversion and a gauge transformation,
is spontaneously broken by the interaction, resulting a finite antiferromagnetic order in the y-
direction.
I. INTRODUCTION
The concept of topology in condensed matter physics
has flourished in the past decades1,2. This abstract no-
tion is deeply related to the band structure in the mo-
mentum space. The topological band theory has been
established and a lot of predicted materials have been
synthesized3. Recently the full diagnosis of the non-
trivial band topology for non-magnetic materials have
been established4–6.
The interplay of topology and correlations can lead to
novel phases and phase transitions in condensed matter
systems. First, the interactions may reduce the topo-
logical classification of free fermions in one dimension7,8
and two dimensions9. Second, interactions may drive
topological quantum phase transitions, which is demon-
strated in exactly solvable models of interacting Kitaev
chains10–12, the Haldane-Hubbard model13 and the Z2
Bose-Hubbard model14. Recently, Chen et. al.15 gener-
alized the construction of the Kitaev honeycomb model16
to spinful fermion models with both equal-spin pairing
and Hubbard interaction terms, dubbed BCS-Hubbard
model, which can be solved exactly when the pairing am-
plitude equals the hopping amplitude. Later Ezawa17
generalized the BCS-Hubbard model on a honeycomb
lattice by introducing the Kane-Mele spin-orbit coupling
(SOC). However, an infinitesimal Hubbard interaction U
will destroy the topological superconducting state due
to the spontaneous time reversal symmetry breaking in
Ref. 17. It is still desirable to find an exactly solvable
model in two dimensions with topological phase transi-
tion at finite interaction strength to study the interplay
of topology and correlations.
In this paper, we investigate the Haldane-BCS-
Hubbard model on a honeycomb lattice. Along the sym-
metric lines where the hopping amplitude equals the pair-
ing amplitude, the model is exactly solvable and reduces
to the Falicov-Kimball model18. There is an interaction
induced topological phase transition at finite Hubbard U
along the symmetric lines. The phase transition can be
characterized by the change of the spectral Chern num-
ber. Thus the topological superconducting state in our
model is stable to small interaction. These results are
obtained exactly without approximation, and can serve
as a benchmark for further study.
The paper is organized as follows: In section II, we
introduce the Haldane-BCS-Hubbard model. Then we
show the exact solvability of the model along the symmet-
ric lines in section III. We analyze the symmetry of the
model in section IV and introduce the composite fermion
representation in section V for later convenience. In sec-
tion VI, we study the noninteracting limit of the model
and give the phase diagram. In section VII, we study the
model along the symmetric lines and show the interaction
induced topological phase transition. We summarize the
results and propose the possible realization of the model
in section VIII.
II. MODEL HAMILTONIAN
In this section, we introduce the Haldane-BCS-
Hubbard model we study. The Hamiltonian of the model
consists of three parts and can be expressed as follows
H = Hhop +Hpair +Hint (1)
where Hhop describes the electron hopping terms, which
is a spinful generalization of the Haldane model19,20,
Hpair describes the equal spin pairing (ESP) terms, and
Hint describes the on-site Hubbard interaction. They are
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2given by
Hhop = t1
∑
〈ij〉s
c†iscjs − t2
∑
〈〈ij〉〉s
iνijc
†
iscjs (2)
Hpair = ∆1
∑
〈ij〉s
c†isc
†
js + ∆2
∑
〈〈ij〉〉s
iνijλic
†
isc
†
js + h.c. (3)
Hint = U
∑
i
(
ni↑ − 1
2
)(
ni↓ − 1
2
)
(4)
where cis (c
†
is) annihilates (creates) an electron at site
i with spin s =↑, ↓ pointing in the z-direction. 〈ij〉 and
〈〈ij〉〉 denote the nearest and next-nearest neighbor sites.
t1 is the nearest neighbor hopping matrix element and t2
is the next-nearest neighbor hopping (NNNH) matrix.
The sign νij = sign
(
dˆ1 × dˆ2
)
z
= ±1, where dˆ1,2 are the
vectors along the two bonds constituting the next-nearest
neighbors. The signs νij are shown in FIG. 1. ∆1 and
∆2 are the nearest and next-nearest neighbor ESP po-
tential respectively. λi = ±1 for sublattices A and B
respectively. The signs of ∆1,2 are shown in FIG. 1.
nis = c
†
iscis is the fermionic number operator for spin
s. U is the strength of on-site Hubbard interaction.
III. EXACT SOLVABILITY
In this section, we shall show the exact solvability of
the Haldane-BCS-Hubbard model along the symmetric
lines
t1 = ∆1, t2 = ∆2. (5)
The Haldane-BCS-Hubbard model is not exactly sov-
able in general. However, similar to the BCS-Hubbard
model15, we find this model can be solved exactly along
FIG. 1: (Color online) (a) The signs νij of the spin-orbit
coupling terms. Along the direction of the dashed lines νij =
+1, while along the reversed direction νij = −1. (b) The signs
of the nearest and next-nearest neighbor pairing terms. Along
the direction of the red (dashed) lines the signs of ∆1 (∆2)
are +1, while along the reversed direction they are −1. White
sites A and black sites B are the two sublattices. z-direction
points outward the plane.
the symmetric lines. The exact solvability of the model
becomes manifest in the Majorana fermion representa-
tion. As the system contains two sublattices, we use r to
denote the unit cell and crsλ to denote the annihilation
operator with spin s at unit cell r in sublattice λ = A,B.
We then decompose the complex fermion operators crsλ
into Majorana fermion operators ηrsλ and γrsλ as follows
crsA = ηrsA + iγrsA
crsB = γrsB + iηrsB (6)
Note the decomposition is opposite for the two sublat-
tices. The Hamiltonian in the Majorana fermion repre-
sentation becomes
H0 = δ1
∑
rs
(iηrsAηrsB + iηrsAηr+a1sB + iηrsAηr+a2sB)
− t˜1
∑
rs
(iγrsAγrsB + iγrsAγr+a1sB + iγrsAγr+a2sB)
− δ2
∑
rsλ
λ (iηrsληr+a1sλ + iηrsληr−a1+a2sλ + iηrsληr−a2sλ)
− t˜2
∑
rsλ
λ (iγrsλγr+a1sλ + iγrsλγr−a1+a2sλ + iγrsλγr−a2sλ)
Hint = U
∑
rλ
2iηr↑λγr↑λ2iηr↓λγr↓λ (7)
where H0 = Hhop + Hpair and δ1 = 2 (t1 −∆1), δ2 =
2 (t2 −∆2), t˜1 = 2 (t1 + ∆1), t˜2 = 2 (t2 + ∆2). a1 =
a
(
1
2 ,
√
3
2
)
and a2 = a
(
− 12 ,
√
3
2
)
are the two basis vec-
tors. Note the η Majorana fermions disappear in the
noninteracting HamiltonianH0 along the symmetric lines
δ1 = δ2 = 0. In the following, we shall focus on the sym-
3metric line. We define Dˆrλ = 4iηr↑ληr↓λ. It is easy to
prove that
[
Dˆrλ, H
]
= 0. Thus Dˆrλ are constants of mo-
tion. Since Dˆ2rλ = 1, we can replace the operators Dˆrλ
by its eigenvalues Drλ = ±1. The Hubbard interaction
becomes
Hint = −U
∑
rλ
Drλiγr↑λγr↓λ (8)
The total Hilbert space is divided into different sec-
tors characterized by {Drλ}. Within each sector, the
Hamiltonian contains only quadratic terms of γ Majo-
rana fermions and can be solved exactly.
IV. SYMMETRY
Symmetry plays an important role in the following
analysis. In this section, we shall analyze the various
symmetry of the Haldane-BCS-Hubbard model. The
fermion operators transform as CcisC
−1 = λic
†
is un-
der the particle-hole symmetry (PHS). It is obvious
that the Hamiltonian has the PHS21. The time re-
versal symmetry (TRS) operator for spinful system is
T = iσyK, where K denotes the complex conjugation
and T 2 = −1. The fermion operators transform as
TcisT
−1 =
∑
s′ (iσ
y)ss′ cis′ under TRS. Just as in the
Haldane model, the NNNH terms break the TRS explic-
itly. The sublattice symmetry (SLS) can be implemented
by the bond centered inversion operator I. The signs
shown in FIG. 1 indicate Hpair breaks the SLS. With
NNNH and ESP terms, the Hamiltonian does not pre-
serve the SU (2) spin rotation symmetry. The SU (2)
symmetry is reduced to U (1)y o Z2, where U (1)y is the
rotation about the y-axis and Z2 is the pi-rotation around
the z-axis. Therefore, the system falls into class D in the
topological classification of superconductors (SC)22.
V. COMPOSITE FERMION REPRESENTATION
In this section, we introduce the composite fermion
representation. These composite fermions form the
quasiparticles for the Haldane-BCS-Hubbard model. We
define the composite fermions as in Ref. 15
dr2λ = ηr↑λ + iληr↓λ
dr1λ = γr↑λ − iλγr↓λ (9)
The physical meaning of the composite fermions becomes
clear by introducing the fermion operators pointing in the
±y-direction as follows
c†r±λ =
1√
2
(
c†r↑λ ± ic†r↓λ
)
(10)
We express d composite fermions in terms of c fermion
operators
dr2A =
cr−A + c
†
r+A√
2
, dr2B =
cr+B − c†r−B√
2i
dr1A =
cr+A − c†r−A√
2i
, dr1B =
cr−B + c
†
r+B√
2
(11)
which are equal-weight superposition of particle and hole
of c fermion operators. dr1A and dr2B (dr2A and dr1B)
carry spin-1/2 pointing in the y(−y)-direction. We write
the Hamiltonian in the composite fermion representation
H0 =
iδ1
2
∑
r
(
d†r2Ad
†
r2B + d
†
r2Ad
†
r+a12B
+ d†r2Ad
†
r+a22B
)
− it˜1
2
∑
r
(
d†r1Ad
†
r1B + d
†
r1Ad
†
r+a11B
+ d†r1Ad
†
r+a21B
)
− iδ2
2
∑
rλ
λ
(
d†r2λdr+a12λ + d
†
r2λdr−a1+a22λ + d
†
r2λdr−a22λ
)
− it˜2
2
∑
rλ
λ
(
d†r1λdr+a11λ + d
†
r1λdr−a1+a21λ + d
†
rsλdr−a21λ
)
+ h.c.
Hint = U
∑
rλ
(
nr2λ − 1
2
)(
nr1λ − 1
2
)
(12)
where nrαλ = d
†
rαλdrαλ with α = 1, 2. Thus the orig-
inal system can be viewed as two species of d compos-
ite fermions with nearest neighbor pairing, next-nearest
neighbor hopping, and they interact with on-site Hub-
4FIG. 2: (Color online) The phase diagram of the Haldane-
BCS model with t1 6= ∆1. Chiral TSC denotes the chi-
ral topological superconducting state with total Chern num-
ber C = ±2 and spin Chern number Cspin = 0. Helical
TSC denotes the helical topological superconducting state
with total Chern number C = 0 and spin Chern number
Cspin = ±2. The blue (red) lines denote one species of d
composite fermions is gapless and another species is in chiral
TSC with Chern number C = 1 (C = −1). The origin is a
multicritical point.
bard U . Note the Hamiltonian H has the dual symmetry
under the dual mapping dr1λ ↔ dr2λ (or ηrsλ ↔ γrsλ),
with parameters changing as δ1 ↔ −t˜1, δ2 ↔ t˜2. Thus
the Hamiltonian H has a self-dual point t1 = ∆2 = 0,
even with the Hubbard interaction U . In the follow-
ing, we shall analyze the properties of the Haldane-BCS-
Hubbard model in terms of d composite fermions.
VI. NONINTERACTING LIMIT:
HALDANE-BCS MODEL
In this section, we analyze the noninteracting limit of
the Haldane-BCS-Hubbard model. At U = 0, the model
reduces to the Haldane-BCS model. Note the Hamil-
tonian H0 is decoupled for two species of d composite
fermions H0 = H1 +H2, where Hα contains dα compos-
ite fermions only. The Hamiltonian H0 is uniform and
we can perform the Fourier transformation to obtain the
spectrum. The Fourier transformation is defined as
drαλ =
1√
N
∑
k
eik·rdkαλ (13)
We also define the spinor as ψ†kα =
(
d†kαA, d−kαB
)
, the
Hamiltonian Hα can be written in the form of
Hα =
∑
k
ψ†kαhα (k)ψkα (14)
where
hα (k) = ~Tα (k) · ~σ (15)
~σ = (σx, σy, σz) are the Pauli matrices and ~T1 (k) are
given by
T x1 (k) =
t˜1
2
(sin k · e1 + sin k · e2 + sin k · e3)
T y1 (k) =
t˜1
2
(cos k · e1 + cos k · e2 + cos k · e3)
T z1 (k) = t˜2 (sin k · a1 − sin k · (a1 − a2)− sin k · a2)
(16)
where e1 = a
(
0,− 1√
3
)
, e2 = a
(
1
2 ,
1
2
√
3
)
and e3 =
a
(
− 12 , 12√3
)
are the three vectors of nearest neighbor
bonds. ~T2 (k) can be obtain by the dual mapping dr1λ →
dr2λ with parameters changing as t˜1 → −δ1 and t˜2 → δ2.
The energy dispersions read Eα (k) = ±
∣∣~Tα (k)∣∣, which
form reflects the PHS of the Hamiltonian. The ground
state is unique with all the negative energy levels of both
d composite fermions are occupied. The system is gapped
for nonzero t˜1, t˜2 and δ1, δ2.
The noninteracting Hamiltonian H0 describes two
components Haldane model with ESP at half-filling. Ac-
cording to the symmetry analysis in section IV, the sys-
tem falls into class D22 of topological superconductor
(TSC). The topological invariant is given by the Chern
number23 Cα, which denotes the Chern number of dα
composite fermions. We calculate the Chern numbers
and find
C1 = sign
(
t˜2
)
= sign (t2 + ∆2)
C2 = sign (δ2) = sign (t2 −∆2) (17)
where sign(x) = lim→0 x√x2+2 is the sign function.
We introduce the total Chern number and spin Chern
number24,25 as
C = C1 + C2
Cspin = C1 − C2 (18)
which indicates the topological phase transition at t2 =
±∆2. Accordingly the gap closes for d1 (d2) composite
fermions at t2 = −∆2 (t2 = ∆2). The phase diagram
of Haldane-BCS model is shown in FIG. 2. For |t2| >
|∆2|, the system is in the chiral TSC state with total
Chern number C = ±2 and spin Chern number Cspin =
0. For |t2| < |∆2|, the system is in the helical TSC
state with total Chern number C = 0 and spin Chern
number Cspin = ±2. Along the critical lines t2 = ±∆2,
one species of d composite fermions is gapless and another
species is in the chiral TSC state with Chern number
Cα = ±1. The origin is a gapless multicritical point.
The topological phase transition can be understood via
the bulk-edge correspondence. Except along the critical
lines, each species of d composite fermions has nonzero
5FIG. 3: (Color online) (a) and (b) Energy spectrum of d2 composite fermions in a cylinder geometry with periodic boundary
conditions in the x-direction. The calculations is done for t1 = 2∆1 = 1, t2 = 0.1 with lattice size 48 × 48. The system has
single chiral edge state on each edge for ∆2 = 0 in (a) and ∆2 = 0.25 in (b), but with the opposite chirality. (c) and (d) are
the real space wavefunction distribution of the edge states corresponding to (a) and (b).
Chern number, i.e. in the TSC state with single chi-
ral edge state. For |t2| > |∆2|, both edge states carry
the same chirality and the system is in the chiral TSC
state with two chiral edge states, which is consistent with
total Chern number C = ±2 and spin Chern number
Cspin = 0. However for |t2| < |∆2|, two edge states have
opposite chirality. The system becomes a helical TSC
state with total Chern number C = 0 while spin Chern
number Cspin = ±2. We plot the energy spectrum of
d2 composite fermions with different sign of δ2 in Fig. 3
and find in both cases the system has single chiral edge
state on each edge. Due to sign change of δ2, the wave-
functions of the edge states localize on opposite edges,
which indicates the chirality of the edge states is changed.
For comparision, we also show the energy spectrum and
wavefunctions of d2 composite fermions in Fig. 4 . This
is consistent with the sign change of Chern number of d2
composite fermions. Along the critical lines t2 = ±∆2,
one chiral edge state merges into the bulk and the sys-
tem becomes a gapless TSC state with single chiral edge
state. The topological phase transition can also be re-
vealed by another dual mapping ηλ → ληλ¯ (γλ → λγλ¯),
where λ¯ is the different sublattice of λ. The Hamilto-
nian has the dual symmetry with parameters changing
as t2 ↔ ∆2 (t2 ↔ −∆2). The topological phase transi-
tion happens exactly along the self-dual lines t2 = ±∆2.
Similar duality relating topological and trivial phases has
been discovered in the interacting Kitaev chain10. If we
employ the BdG formalism26 and use the Nambu spinor
Ψ†kα =
(
d†kαA, d
†
kαB , d−kαA, d−kαB
)
, the above analysis
is still valid except the Chern numbers should be multi-
plied by 2 and each chiral edge state becomes two chiral
Majorana edge states.
VII. HALDANE-BCS-HUBBARD MODEL
ALONG SYMMETRIC LINES
In this section, we analyze the Haldane-BCS-Hubbard
model along the symmetric lines δ1 = δ2 = 0. In terms
of d composite fermions language, the d2 fermions are
completely localized (or form the completely flat bands
in the band theory language11). The Hamiltonian effec-
tively reduces to the Falicov-Kimball model with only
one species of mobile d composite fermions
As the total Hilbert space is divided into different sec-
tors characterized by the sets of {Drλ}, we first determine
the ground state sector. Within each sector, the ground
state energy is by summing all the negative energy lev-
els. The ground state sector is determined by the set of
{Drλ} with minimal ground state energy. We traverse
all the 2N sectors numerically for small lattice size and
find the ground state sectors are {Drλ = ±λ}. We also
note the sectors {Drλ = ±1} have the maximal ground
state energy. For large lattice size, we randomly choose
the sector {Drλ} and find its ground state energy always
6FIG. 4: (Color online) (a) and (b) Energy spectrum of d1 composite fermions in a cylinder geometry with periodic boundary
conditions in the x-direction. The calculations is done for t1 = 2∆1 = 1, t2 = 0.1 with lattice size 48 × 48. The system has
single chiral edge state on each edge for ∆2 = 0 in (a) and ∆2 = 0.25 in (b),with the same chirality. (c) and (d) are the real
space wavefunction distribution of the edge states corresponding to (a) and (b).
falls between the sectors {Drλ = ±λ} and {Drλ = ±1}.
The numerical details are given in the appendix A. Thus
we conclude the ground state sectors are {Drλ = ±λ}.
The ground states are uniform with two-fold degeneracy.
Within the ground state sectors, the Hamiltonian of
the Haldane-BCS-Hubbard model along the symmetric
lines reduces to
Hs = − it˜1
2
∑
r
(
d†r1Ad
†
r1B + d
†
r1Ad
†
r+a11B
+ d†r1Ad
†
r+a21B
+ h.c.
)
− it˜2
2
∑
rλ
λ
(
d†r1λdr+a11λ + d
†
r1λdr−a1+a21λ + d
†
r1λdr−a21λ
)
+ h.c.
± U
2
∑
rλ
(
nr1λ − 1
2
)
(19)
where Drλ = 2λ
(
nr2λ − 12
)
= ±λ. The d2 composite
fermions form the background Z2 charge fields. Note the
Hamiltonian is symmetric with respect to the Hubbard
U along the symmetric lines. As the ground state sec-
tors are translation invariant, we can perform the Fourier
transformation and the Hamiltonian Hs can also be writ-
ten in the form of
Hs =
∑
k
ψ†k1hs (k)ψk1 (20)
where
hs (k) = ~Ts (k) · ~σ (21)
with T xs = T
x
1 , T
y
s = T
y
1 and T
z
s = T
z
1 ± U2 . The energy
dispersion reads Es (k) = ±
∣∣~Ts (k)∣∣, which is gapped ex-
cept at U = ±3√3t˜2. The quasiparticle excitations are
the spin-1/2 d1 composite fermions. Even with the Hub-
bard interactions, we can define the spectral Chern num-
ber in terms of these quasiparticles along the symmetric
7lines. The spectral Chern number is given by
Cs =
1
2
[
sign
(
3
√
3t˜2 − U
)
+ sign
(
3
√
3t˜2 + U
)]
(22)
Thus there is a topological phase transition at U =
±3√3t˜2 and the gap closes at this point accordingly.
This topological phase transition can be understood
easily in terms of d1 composite fermions. Within each
sector, the Hubbard interactions act as chemical poten-
tial terms. For small U , the system is in the weak pairing
region and topological. While for large U , the system is
in the strong pairing region and becomes topologically
trivial2,27. The topological phase transition is due to the
competition between the NNNH terms and Hubbard in-
teractions. This mechanism is remarkably different from
the Kane-Mele-BCS-Hubbard model studied in Ref. 11,
where an infinitesimal U renders the topological SC state
into trivial, because its topological SC state is protected
by the TRS, and the Hubbard interaction always sponta-
neously breaks the TRS and mixes different spin compo-
nents within each sector as Tiγ↑λγ↓λT−1 = −iγ↑λγ↓λ. In
the Haldane-BCS-Hubbard model along the symmetric
lines, the topological phase transition happens at finite
U , which clearly manifests the competition of topology
and correlations.
We study the properties of ground states with the aid
of symmetry analysis. Even though the Hamiltonian does
not have the inversion symmetry I, we note it has the
combined symmetry I˜ of bond centered inversion I plus
gauge transformation crsλ →
∑
s′ (iσ
z)ss′ crs′λ . The
two degenerate ground states are transformed to each
other by the symmetry I˜. Thus the ground states spon-
taneously break the Z2 symmetry I˜ for nonzero U . We
define the transverse magnetism in the y-direction as the
order parameter15
myrλ =
1
2
〈
c†r+λcr+λ − c†r−λcr−λ
〉
. (23)
We calculate the transverse magnetism via the operator
identity
c†r+λcr+λ − c†r−λcr−λ = λ
(
d†r1λdr1λ − d†r2λdr2λ
)
(24)
For comparison, we find
〈
d†rαλdrαλ
〉
= 12 in the nonin-
teracting limit with generic hopping and pairing ampli-
tudes, thus the ground state is nonmagnetic. For nonzero
U along the symmetric lines, we have〈
d†r1λdr1λ
〉
=
1
N
∑
k
(
1
2
∓ T
z
s (k)
2Es (k)
)
〈
d†r2λdr2λ
〉
=
1
2
+
λDrλ
2
(25)
The order parameter is given by
myrλ = ±
λ
2
(
1
2
+
1
N
∑
k
T zs (k)
2Es (k)
)
(26)
FIG. 5: (Color online) The transverse magnetism in the y-
direction λmyrλ . The parameters are t˜1 = 1 and t˜2 =
√
3.
Thus the ground states have antiferromagnetic order for
nonzero U . The transverse magnetism shown in FIG.
5 indicates the Z2 symmetry I˜ is spontaneously break-
ing. In the limit U → ∞, there is only one electron per
site and the spin is fully polarized. Accordingly we have
myrλ → ±λ2 . In the limit U → −∞, each site is either
empty or doubly occupied, thus we have myrλ → 0. We
give a remark on the nonzero magnetism at U = 0 in
FIG. 5. For generic hopping and pairing amplitudes, the
ground state is nonmagnetic for U = 0. While along
the symmetric lines, one species of composite fermion is
completely flat. So it is possible to form the nonzero
magnetism by the linear combination of these localized
states and the curve is continuous at U = 0. We note
similar magnetic topological phase for small Hubbard U
has been found before28.
VIII. SUMMARY AND DISCUSSIONS
In this paper, we study the Haldane-BCS-Hubbard
model. We find this model can be solved exactly along
the symmetric lines. In the noninteracting limit, the
Haldane-BCS model has topological phase transitions at
the self-dual points. The topological phase transition
are revealed by the bulk-edge correspondence. Along the
symmetric lines, we find the model reduces to the Falicov-
Kimball model. There is an interaction induced topo-
logical phase transition due to the competition between
NNNH terms and Hubbard interaction. With nonzero
Hubbard U , the ground states spontaneously break the
Z2 symmetry and have staggered transverse magnetism
in the y-direction.
The Haldane model has already been realized in the
cold atoms system29. Actually we can view our model
as bilayer of Haldane models. The spin index s can be
viewed as the layer index with s =↑ for the upper layer
and s =↓ for the bottom layer. The ESP and the on-
8𝑈𝑈/?̃?𝑡2
𝛿𝛿2/?̃?𝑡2
FIG. 6: (Color online) The sketched phase diagram away from
the symmetric lines. The hopping and pairing parameters are
all positive and δ1 6= 0. The curves intersect the horizontal
axis at |U | = 3√3t˜2.
site interaction Hubbard U between two layers might be
introduced in cold atom systems. Therefore, we expect
the interaction induced topological phase transition can
be observed in cold atom systems.
Let us consider the topological characterization of the
system with the Hubbard interaction for generic hopping
and pairing parameters. The total Chern number C and
the spin Chern number Cspin can be defined with the
many-body ground-state wavefunctions in the twisted
boundary condition24,30. However, the Chern numbers
Cα(α = 1, 2) for each species of dα composite fermions
are not well-defined because the two species are entan-
gled with each other. An exception is along the sym-
metric lines, where the d2 fermions are completely lo-
calized, and the ground state wavefunction is given by
|Ψ〉 = |Ψ1({Drλ})〉⊗ |Ψ2({Drλ})〉, in which {Drλ = ±λ}
is selected by the interaction at the ground state, and
|Ψ1({Drλ})〉 and |Ψ2({Drλ})〉 denote the wavefunctions
of the d1 and d2 fermions for a given {Drλ} sector.
The localized d2 fermions do not respond to the twisted
boundary condition, thus C2 = 0. The d1 fermions con-
tribute the spectral Chern number given by Eq. (22).
Therefore, the total Chern number and the spin Chern
number are given by C = Cspin = C1 along the sym-
metric lines for nonzero U , which persist for nonzero δ1
and δ2 as long as the bulk gap is not closed due to the
topological stability. For large δ1 and δ2, we expect topo-
logical phase transitions to phases that are adiabatically
connected to the two gapped phases in the noninteract-
ing case. Therefore, an interaction-induced new topolog-
ical phase26,31 emerges for 0 < |U | < 3√3t˜2 intervening
the two phases in the noninteracting case. We plot a
schematic phase diagram in FIG.6.
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X. NOTE ADDED
During the preparation of this work, we learned a sim-
ilar work on arXiv32, which also studied the extension
of the BCS-Hubbard model15 (now named as Majorana
Falicov-Kimball Model33) more thorough.
Appendix A: Numerical determination of ground
state sectors {Drλ}
There are 2N sectors characterized by the sets of
{Drλ}, where N is the number of total sites. Up to
N = 4 × 4, we can traverse all the 2N sectors numeri-
cally on laptop in one minute. By sorting all the sectors
according to the ground state energy, we find the ground
state sectors are {Drλ = ±λ} for arbitrary strength U .
We also note the sectors with the largest ground state
energy are {Drλ = ±1}. For larger lattice size, the time
and internal storage cost increase exponentially and it
is impossible to traverse all the 2N sectors numerically
on laptop. So we randomly choose the sector {Drλ},
i.e. the value of Drλ on each site is 1 or −1 with equal
weight, and calculate its ground state energy. We find the
ground state energy of randomly chosen sectors always
falls between the sectors {Drλ = ±λ} and {Drλ = ±1}.
For N = 16×16, we randomly choose 1000 configurations
and plot their ground state energy in FIG. 7
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